An analytical expression of the current generated from the electrochemical reaction in a porous rotating disk electrode (PRDE) is derived when the reactant transport is dominated by advection and diffusion. Simple algebraic expressions for the concentration of reactant and the current response are obtained as a function of the rotation rate, reaction rate, permeability of the porous medium, diffusion coefficients, kinematic viscosity, and geometry of the porous film. Upon comparison, the analytical expression of current in this work coincides with the existing results for the limiting case of low rotation rates. Also the concentration/current expressions here derived are in satisfactory agreement with numerical results.
INTRODUCTION
Non-linear phenomena play a crucial role in physical chemistry and biology (heat and mass transfer, filtration of liquids, diffusion in chemical reactions, etc.). In the past several decades, many authors mainly paid attention to the resolution of non-linear equations by using various methods, such as the variational iteration method(VIM) [1] [2] [3] [4] , the homotopy perturbation method (HPM) [5] [6] [7] [8] [9] and the Adomian decomposition method (ADM) [10] [11] [12] [13] .The homotopy perturbation method has been proved by many authors to be a powerful mathematical tool for various kinds of non-linear problems, being unique in its applicability, accuracy and efficiency. The conventional perturbation method is based on the existence of small/large parameters, the so-called perturbation quantities. However, many non-linear problems do not contain such kind of perturbation quantities. The perturbation theory leads to an expression for the desired solution in terms of a formal power series in some "small" parameterknown as a perturbation series -that quantifies the deviation from the exactly solvable problem. Generally, the perturbation method is valid only for weakly non-linear problems. The combination of the perturbation and the homotopy methods eliminates the above drawbacks of the traditional perturbation method while keeping all the advantages.
In the present work, the HPM method is used to treat the problem of the uniformly-accessible porous rotating disc electrode (PRDE) under steady state conditions. The use of porous materials as electrodes are found in many electrochemical technologies and devices, including batteries [14, 15] , fuel cells [16] and capacitors [17] , in electrolytic cells [18] as well as in electro analytical sensors [19] [20] [21] [22] . In general, these systems allow for larger current densities than uniform flat electrodes, with benefits in terms of power output, electrolysis yield or sensitivity. The mass transport in the film, as a function of the porous morphology, and the electrochemical kinetics mostly determine the electrolysis efficiency. The mathematical modelling of these processes in the case of stationary porous electrodes was developed in the last decade [19, 23, 24] . In contrast, theoretical studies of hydrodynamic methods, such as the PRDE, which can be employed in the evaluation of materials electrocatalytic activity, are much more limited [25, 27] likely due to the higher complexity of the advection-diffusion problem. Thus, the flow in a porous disc electrode was discussed by Joseph [27] for an infinite permeable disc steadily rotating in an unbounded fluid. Blaedel and Joseph [28] presented the electrochemical characterization and the analytical use of porous carbon rotating disc electrodes. More recently, Nam et al. [25] obtained expressions for the steady-state concentration of the reactant and the PRDE current using the conventional perturbation technique.
In this work, analytical expressions will be deduced for the concentration profile of the reactant and for the overall rate of transformation (the current generated) as a function of the reaction kinetics, the film permeability (k) and thickness, and the rotation rate, among other parameters. The closed-form solutions presented can assist the optimization of electrochemical devices and operating conditions, as well as the evaluation of the electrocatalytic activity of the film material.
MATHEMATICAL FORMULATION OF THE PROBLEM
The dimensionless form of the convection-diffusion transport problem of the reactant close to the PRDE surface can be expressed as follows after eliminating all radial dependence assuming that the depletion/boundary layer is very thin compared to the radius of the film [25] :
, f D and p D are the diffusion coefficients in the fluid phase and in the porous media, respectively. c and ĉ are the concentrations of the reactant in the solution phase and in the porous media, respectively. kr is the first-order reaction rate constant, k the permeability, h the thickness of the film,  the rotation rate and  the kinematic viscosity. The boundary conditions are,
equations (1)- (6) become in dimensionless form as follows:
Assuming that (i) the concentration of reactant in the fluid far from the interface is its bulk concentration, (ii) at deep inside the porous disk, the concentration of reactant in porous media is zero (since the reactant is completely consumed in the boundary layer), (iii) the concentrations and flux of reactant in the fluid and porous media are equal at the fluid-porous disk boundary(y=0), the boundary conditions are defined as follows:
From the concentration profile of the reactant inside the porous film where the first-order redox reaction takes place, the current response can be calculated as
where n is the number of electrons transferred in the reaction, F is the Faraday constant and V is the volume of the disk film. The dimensionless current is given by:
where the maximum current M I is defined as [25] 2 Mr
ANALYTICALRESOLUTION OF THE PRDE PROBLEM USING THE HOMOTOPY PERTURBATION METHOD (HPM)
By solving equations (8) and (9) using the homotopy perturbation method (Appendix A), the following expressions for the concentration of the reactant in the fluid phase and porous media are obtained: (18) where,   
These results (Eqns. (17) and (18)) can be re-written in terms of the important dimensionless quantities B, G, D and K as follows: (21) where
Using Eqns. (15) and (18), the following expressions are obtained for the current 
The non-linear system of convection-diffusion equations (Eqs. (8) and (9)) with the corresponding boundary conditions (Eqs.(10-13)) has also been solved numerically via a finitedifference numerical method finding a reasonable agreement (less than 10 % error) for typical conditions ( 
PREVIOUS ANALYTICAL EXPRESSIONS
Nam et al. [25] developed a mathematical model for an infinite porous disk electrode with G=0 and small values of B, obtaining the following expressions for the concentration profile of the reactant inside and outside the porous medium:
  KDb 
Note that Eqns. (25) and (26) derived by Nam et al. [25] do not satisfy the boundary condition 0   y at ĉ c .
Using Eqns. (26) and (15), the current becomes,
LIMITING CASES

Limiting Case
The parameters B and G are directly proportional to the rotation rate. When diffusion dominates or there is no convection within the porous medium, then G = 0 and B = 0 and equations (8) and (9) become into:
The exact solution of the above equation is given by:
which are identical to Eqns. (20) and (21) 
The current for G = 0 and B = 0 is given by,
which coincides with Eqn. (24) , and also with the result derived by Nam et al. [25] (25) and (26)) in Table. 1. The average relative error between the present analytical results (Eqns. (36) and (37)) and those derived by Nam et al. [25] (Eqns. (25) and (26)) for the reactant concentration is ca. 2% in the solution phase and ca. 14% in the porous media. It is noted that in Nam et.al [25] ĉ c  at y=0 while the present solutions for the concentration profiles of the reactant satisfy all the boundary conditions. Using Eqns. (23) and (24) 
Equation (38) is compared with Eqn. (28) for various values of the parameters B, K, and D in Table ( 2A) -(2D) and reasonable agreement is found (differences smaller than 7%). From Tables (2A) -(2D), it is inferred that the error of Eqn. (28) decreases as B is smaller. Equation (28) is valid for small values of B whereas the present solution (Eqn.38) is valid for any Bvalue.
DISCUSSION
Equations (20) and (21) are the new analytical expressions of the concentration of reactant in the fluid phase and porous media. The analytical expression for the steady state current at porous rotating disc electrodes is given by equation (24) . The concentration of the reactant and current depends on the kinetic parameters K, B, ratio of diffusion coefficient D, and convection term in the porous media G. The parameters B and G (convection term) are directly proportional to the rotation rate whereas the parameter K is inversely proportional to it. When the rotation rate is large, the transport of fluid to and through the porous disc is dominated by advection. However, when the rotation rate is small, diffusion becomes significant and in some cases it is the dominant mass transport mechanism. Figs.2-6 show the reactant concentration in the fluid phase c and in the porous media ĉ using Eqns. (20) and (21) and the influence of parameters K , D, B and G. In Fig.2 , it is observed that at the vicinity of the interface of the porous disk, the concentrations(c and ĉ ) change abruptly. It can be seen that the sharp change in concentration takes place within a boundary layer of thickness Table 4 : Effect of the parameter G on the concentration of the reactant in the porous media ĉ and the current I using Eqns. (21) and (24) . B = 0.1, K = 60 and D = 0.1. (21) and (24) is quantified in Table 4 where significant influence is only observed when 10  G and 5 G  , respectively.
G
Concentration
Hence, B and D are the most determining parameters of the concentrations and current values. As can be observed in Figs. 5 and 6 , the decrease of the species diffusivity inside the porous media (i.e., smaller D in Fig. 5 ) or of the rotation rate (i.e., smaller B in Fig. 6 ) gives rise to the increase of the reactant concentration at the interface between the fluid phase and the porous media. Also, from the data included in Tables 2c and 2d , it is inferred that decrease of the species diffusivity inside the porous media or the increase of rotation rate gives rise to larger values of the dimensionless current. . A sensitivity analysis is performed based on the differentiation of the aggregated model [29] . Thus, the partial derivative of current (dependent variable) with respect to parameters 
CONCLUSIONS
We have derived new analytic expressions for (i) the concentration of reactant in the fluid phase, (ii) the concentration of reactant in porous media and (iii) the current at a porous rotating disc electrode (PRDE). These expressions have been derived using the homotopy perturbation method and they provide a complete delineation of the role played by kinetics and mass transport. The new analytical results are compared with available solutions for limiting cases as well as with numerical simulations, finding a satisfactory agreement. The theory presented provides a tool for suitable and rapid evaluation of the activity of porous materials via PRDE. 
where, 2 k is constant. Also, 
